CHAPTER 1

BASIC CONCEPTS

1. DIFFERENTIAL EQUATIONS >
A differential equation is an equation contains an unknown
function and its derivative.
F(x,y, Y, v e ...,y(”)) =0
A differential equation is called an ordinary differential equation
(O.D.E) if the unknown function depends on only one independ-
ent variable while if the unknown function depends on more than

one variable, the differential equation is partial differential equa-

tion (P.D.E).
EXAMPLE 1»
()2 =5x+3 OD.E
2)e*y"+2y"' =1 O.D.E

d3y , d%y _ O.D.E
3) 4@ + (smx)@ +5xy=0

d?y 3 ay\°> 3 (dy 2 _ O.D.E
@ () +3(3) +° (@) =5

0%y d%y_ P.D.E

Oz 3270
® ORDER OF D.E.»

The order of the differential equation is the highest derivative

in the given D.E.




® DEGREE OF D.E.»
The degree of the differential equation is the highest exponent of
the highest derivative in the given D.E.

EXAMPLE 2»
D.E. Order Degree
(1)(3/”)3 +y=0 2 3
@) 4 + (smx) + 5xy =0 3 1
da* d dy\2 4 3
© (d;”) 3y () 40 () =
ay 2 3 2
@) (6x3) at =x%+t
2 3

G)y" = ( — 4y)

® SOLUTION OF D.E.»
A solution of a D. E. is any function satisfying the D. E. (i.e.)
y = y(x) is a solution for the D. E. F(x,y, ¥/,
Y ...,y(”)) =0, if
(1) y(x) 1s differentiable ( n) times
(2) Satisfying the differential equation
F(x,y(x), y'(x), ¥" (%), e vee e ...,y(")(x)) =0
EXAMPLE 3»

Prove that y = e5* is a solution for the equation

y'=5y=0




SOLUTION

Since y = e%* - y =5

Then y' —5y = 5> —5¢* = 0.

EXAMPLE 4»

Prove that y = c sin x is a solution for the equation
y'+y=0

SOLUTION.

Since y = c sinx - y’=ccosx —>y”=—csinx.

Then y'' +y = —csinx + csinx = 0.

EXAMPLE 5»

Prove that iny + % =c ,y > 0 is a solution for the equa-

tion (y—x)y'+y=0
SOLUTION.

By differentiate the equation Iny + § = ¢ with respect to x

v’ y?
yy'+y—xy' =0, then
y—x)y'+y=0

@ GENRAL SOLUTION AND PARTICULAR SOLUTION »

The general solution of a differential equation of order n is a

function satisfies the differential equation and contains n con-

stants.



The particular solution of a differential equation is a function sat-

isfies the differential equation and do not contains any constants,
and we get it by substitution specified values on the general solu-
tion.

EXAMPLE 6»

The general solution of the D.E.

y" =5y"+6y=0 is y(x) =c; + ce?* + cze3¥,

and the particular solutions are

y(x) = e 4 3% y(x) =4 — 3e3%, y(x) =5+ 702X

@ CONSTRUCTION OF D.E.»
In this part we obtain the differential equation by elimination the
constants in the given solution
If we have the general solution of the differential equation of order
(n) in the form

F(X,¥,C1,C) wervun v ,c) =0, (D
where ¢q,Cg, v ven ea , Cpare constants.
(1) By differentiating the equation (1) n times we get n of equa-
tions contains x,y,y",y", .. .. y™
(2) By elimination the constants ¢y, Cy, ... ... ... , Cp, from these equa-
tions we get the differential equation of order (n)
gy, y", .. ....y(”)) =0
EXAMPLE 6 »

Obtain the differential equation which has the solution

Y=CSINX oo s e e e e (1)



SOLUTION.
By differentiating the equation (1) we get

Y = CCOSX werven e e e e e e e e e (2)

Dividing (2) over (1) yields the required differential equation

y' =ycotx

EXAMPLE 7»

Find the differential equation which has the solution

y=aeX+be¥* .. (1)

SOLUTION

By differentiating the equation (1) twice we get

y' =2ae® +3be3* i (2)

y'" = 4ae®* + 9be3* ... e v ve e e . (3)

by solving the equation (2) and (3) together in a,b we have
1 —-2x ! n

a=ce By —=y") v (4)

b= %e‘”(y” = 2Y) e e e e ee e e e e (B)

Substituting from (4) , (5) in (1) we get the differential equation
y"'=5y"+6y=0
EXAMPLE 8 »
Construct the differential equation which has the solution
y =a+bx +x?
By differentiating the equation twice we get the differential equa-

tion y' =2



EXAMPLE 9»

Find the differential equation which has the solution

y=ax+bx?% ... e e (1)

SOLUTION

By differentiating the equation (1) to eliminate the constants a,b as
follows

Y =a+2bx .. (2)

Y'=2b i v (3)

by solving the equation (2, 3) and Substituting in (1) we get the
differential equation

x%y" —2xy'+2y =0

@ INITIAL CONDITIONS AND BOUNDARY CONDI-
TIONS»
In differential equation problems we give some conditions which
must be satisfy the general solution and these conditions determine
the appearing constants in the general solution and these condi-
tions takes different forms such as
(1) if the conditions in the same point x, ,like

y(xo) =a ) y'(xo) =b
Then these conditions called the initial conditions at x, and the
differential equation and the initial conditions called Initial value

problem (I.V.P)

(1) if the conditions in the different points ,like
y(x) =a ) y(x;) =b
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Then these conditions called the boundary conditions and the dif-
ferential equation and the boundary conditions called boundary
value problem (B.V.P)
EXAMPLE 10»
Find the solution of the differential equation
y' =2x, y(2)=3
SOLUTION
By integral the differential equation

y(x) =x*+c¢
Using the condition in the equation we have

3=4+c

Then the special solution is y(x) = x2 — 1
EXAMPLE 11»

Find the solution of the initial value problem

!

y'=x, y(0) =1, y'(0) =-1
SOLUTION

By integral the differential equation twice we get
1
Y0 =5x +c

15
y(x) =zx +cx+c,

Using the condition in the above equations we have
1= -1 , Cp = 1
Then the special solution is

y(x)=%x3—x+1
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EXAMPLE 12»
Find the solution of the boundary value problem
y"' =6x+2, y(0) = 2, y(2) =8
SOLUTION
By integral the differential equation
yx)=x3+x*+cx+c,
Using the condition in the equation we have
cg==-3, =2
Then the special solution is
y(x) =x3+x%—-3x+2
EXERCISES 1

1» Classify the following differential equations

(1) (yl’)z — Byy’ +x=0 (11) x4-y(4-) + Xy”, — ¥
3

Y " 7 - . dz 5

i)y = (3 — 2y)2 () () /s 4y = 2x

2 » Each of the following is a solution for the D.E. y' =3y =6
(i) y=-2 i)y =0 (iii) y = e3* = 2
(iv)y =e?* -3 (v) y=4e3* -2

3» Each of the following is a solution for the D.E. y' — 5y =0
i)y=5 (ii) y = 5x (iii) y = e>*

> (v) y = 2e5% (vi) y = 5e5*

(iv)y=x
4 » Each of the following is a solution for the D.E. y"" —y =0
Hy=e* (i) y = sinx (ili) y = 4e™*

(iv) y =0 (v) y=sx2+1
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5 » Each of the following is a solution for the D.E. y"" — 4y’ +

4y =0
Hy=e* (i) y = e?* (iii) y = e?* + e*
(iv) y = xe?* + e* (v) y = e** —xe*

6 P Obtain the differential equation by elimination constants for

the following equations

(1) y = ax? + be* 2Q)y=ax+b
(3)y = acosx + bx (4) y = ae* + be*
G)y=x3+ax+b (6) v = ae* + bxe*
(7)y = asinx + bx (8)y = ae ™ + be3*
Dy =ae* (10) y = asinx

(11) y = asin(4x) + b cos(4x) (12)Iny = ax®>+b
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